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We consider the problem of constructing a model equation, i, e, the Burgers’
equation, for the wave processes in a thermoelastic medium in the presence of
cylindrical and spherical symmetry, and give a solution to the boundary value
problem for the initial system of equations,

The Burgers' equation [1 — 4] serves as the model equation for a medium with
dissipative properties, A solution of the Burgers' equation describing the motion
in the Cartesian coordinate system was studied in detail in [5], The cases of cy-
lindrical and spherical symmetry however present definite difficulties,

1, Derivation of Burgers' equation with variable coefficients,
We consider a process of deformation characterized by the relations

= X' 4wt (X, 0, 22=X? %= X°

where X% and z¥ (k =1, 2, 3) are the Lagrangian and Eulerian variables, respectively,
The initial equations consist of the laws of conservation of impulse and energy for a con-
tinuum, written in a differential form in the Eulerian variables (6, 7], We write these
equations in the Lagrangian coordinates, taking into account the relations connecting the
expressions for the physical quantities in the Lagrangian and Eulerian variables, respect-
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ively, We shall use the Lagrangian coordinates in all the arguments that foilow, The
five-constant theory of thermoelasticity will serve as the mathematical model of the
present problem, Following [7], let us introduce the dimensionless quantities, The equa-
tions of the mathematical model of nonlinear thermoelasticity then become
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where o, f and e are the dimensionless diffusion, relaxation and coupling parameters,
respectively, £ is a small parameter, m; (i = 0, 1, .. ., 4) are dimensionless moduli
of elasticity and n = 0, 1, 2 for the Cartesian, cylindrical and spherical coordinates,
respectively,
The initial conditions for the system (1,1) are assumed to be null, and the boundary
conditions are taken in the form
U (€ )

3% tmp, — I (1), 6,1 lg—g, =0

where {9, (1) is a given continuous function,

In what follows, we shall use simultaneously the perturbation method and the coordi-
nate transformation method, To do this, we expand the dependent variables into series
in small parameter and introduce a semi-characteristic transformation of the indepen-
dent variables in the form

=04+ e)rt—§ 1, = et

In accordance with the perturbation method we obtain the following equation in the first

approximation: Ve n Vo Vo
Fa T Vot abo gt = ba e .

where
Vo=0Uo/ 0%, a3=23,(1 4 my+e)(d +- )1
ay =1y e (g) (14 )"t

We solve Eq, (1,2) with the initial condition

Vo (&1, T1) Ifl,._._,A =-—q@1{81), t4=cef,, gq==const

Solution of (1,2) in this form presents definite difficulties, therefore following [1]we
introduce additional transformations, Let us consider separately the cases with different
values of n.

Plane wave, =»n = 0. In this case (1,2) yields the classical Burgers' equation

aVo Ve %o
on T @Vo P = R

the solution of which is known [5],
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Cylindrical wave, n = 1. We introduce new variables

vo= Vo (1), 3= 2r,'s
Then (1, 2) yields 0o : ;2
dvo Jdvo o Vo
Tt + .a1v0 = az°® (T2) Ft (1.3)
where
ay’ (Ty) = Yya5Ty (1.4)

Equation (1, 3) is solved with the initial condition

00 (Bx, ) leymgp = —a001 (B0), g = 20,7
Spherical wave, n= 2. We inttoduce new variables
Vg = VOTI’ Tg = In Ty
This yields (1, 3) in which
ay’ () = Yy apexp 7, (1. 9)

and the initial condition has the form
20 (B, T) |ymip = —taq®1 (@),  tp=Iniy

2. Solution of the Burgers' equation with variable coefficients,
Investigation of one-dimensional waves in a nonlinear thermoelastic medium can be re-
duced to the Burgers' equation (2,1) and the initial conditions (2, 2)
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where ¢, = const and @, (¢) is a positive function which has a first order derivative,
Following [5] we shall seek a solution of (2,1) in the form
function) 2a5(t) 0

Vo (y’ t) = —Twln ? (Y, t) (2a3)

where (¢ (y, ) is the new sough for function, To find this function we transform Eq,(2,1)
in accordance with (2, 4), First we obtain
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where the prime denotes a derivative with respect to the argument, From [5] it follows
that (2,1) can be written in the form

dvo Ié] 1 ave
Gy e =m0 G| =0
In accordance with (2, 4), we write this equation as follows:
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™ YT T P a o 17
or
A e a () (2. 5)
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The initial condition (2, 2) for (2, 5) has, with (2, 4) taken into account, the form
? (¥, 1) |t=to = f1(y)

. o Y
fi(y) = exp {—m S\P m d?l}. lo=tpg
0
and the function f, (y) satisfies the Fourier conditions [8],

The equation (2, 5) represents a nonlinear differential equation with variable coeffi-
cients, When a, () = a; = const , it yields a diffusion equation which, with an initial
condition given, has a closed-type solution [5], In [1] it was suggested that Eq, (2,1)
be solved with a, = const, and the value of a, found for each instant of time from the
relations (1, 4) or (1, 5), Below we shall present the solution of (2,1) in a different form,
with the variability of the coefficient e, () taken into account,

The solution of (2, 5) has the form

¢y, t) :Zk]exp {[__ (’2_“)% + iﬁ%—}—ln (p(,] ?1(3}5 Qo = const (2.6)
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from (2, 6) we obtain
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Substituting these relations and (2, 6) into (2,1), we obtain an identity, In the case of
cylindrical or spherical coordinates the solution of the Burgers' equation (1, 3) has the
form (2. 3),(2,6), where a, (¢) is determined from the formulas of the type (1,4) and

(1, 5), respectively, The required solution of (2, 1) must satisfy the initial condition (2,2),
From (2.2) and (2. 6) we obtain for t= ¢

ket
@ (7, to) = D @1/ A exp (2.8)
k

Let us now expand the function f; (¥) into a complex Fourier series
2l

ikry 1 ) ik
i) =D Oexp——, Pp= 55— i fi () exp (— T) dn) (2.9)
K 0
From (2, 8) and (2, 9) we obtain
Go = (Dk/ ARY* (2.10)

Substituting (2, 10) into (2, 6), we obtain the solution of (2, 1) with the initial condition
(2,2), Now we can write the solution of (2, 1) for the case of cylindrical and spherical
coordinates,

Let us now turn our attention to certain facts emerging from the proposed solution of
the Burgers' equation with variable coefficient, We recall the asymptotic solution for
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the diffusion equation with a constant coefficient (see [5]). In this solution the effect
of the initial condition appears in the form of the principal moment of the initial per-
turbation, In the present case the solution consists of separate terms of the Fourier series
and each term contains a constant which reflects the influence of the initial impulse,
The number k of terms depends on the character of the initial condition, As & — oo ,
the solution obtained becomes exact, If the initial condition coincides exactly with one
of the terms of the Fourier series, then the solution contains only this particular term,

In the general case, the first term of the series gives only a rough approximation, The
quantity ! appearing in the expansion is taken as equal to the length of the impulse,
When a, = const , the solution proposed also gives an accurate result and this can easily
be confirmed by substituting the relations (2, 7) into the corresponding diffusion equation
and taking into account the fact that .’ (¢) = 0. However in this case the accuracy of
the solution also depends on the number of terms in the expansion,

REFERENCES

1, Lighthill, M,J., Viscosity effects in sound waves of finite amplitude, In: Sur-
veys in Mechanics (the G,1, Taylor Anniversary Volume) , Cambridge Univ, Press,
1956,

2, Jeffrey, A, and Kakutani, T., Weak nonlinear dispersive waves: a discus-
sion centered around the Kortweg-de Vries equation, SIAM Rev,, Vol, 14, N2 4,
1972,

3. Sedov, A, and Nariboli, G, A, , Viscoelastic waves by the use of wave-
front theory, Internat, J, Nonlin, Mech,, Vol, 6, N5, 1971,

4, Karnaukhov, V, G,, Propagation of longitudinal waves of finite amplitude in
an elastic piston with the deformation and temperature fields affecting each other,
Dop, URSR, N4, 1973,

5. Karpman, V,1,, Nonlinear Waves in Dispersive Media, M, , "Nauka", 1973,

6., Sedov, L,I,, Mechanics of a Continuum, Vols, 1, 2, M,, "Nauka", 1970,

7, Nigul, U,K, and Engel'brekht, Iu,K,, Nonlinear and linear transient
wave processes of deformation in thermoelastic and elastic bodies, Tallin, Izd,
Akad, Nauk ESSR, 1972,

8. Fikhtengol'ts, G, M, , Course of Differential and Integral Calculus, Vol, 3,
M., Fizmatgiz, 1962,

Translated by L.K,



